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1 Introduction 



The automorphisms of real three dimensional Lie algebras pQ is a powerful tool for analyzing the dynamics of 3+1 
dimensional Bianchi cosmological models [2] . Furthermore at the classical level, time dependent automorphism 
inducing diffeomorphisms can be used to simplify the line element and thus Einstein's field equations and also 
provide an algorithm for counting the number of essential constants (see[3] and[l] for three and four dimensional 
Lie algebras respectively) . On the other hand, the automorphism groups and ad- invariant metrics can be used 
in the calculation of complex and bi-Hermitian structures [5] and generalized complex structures [B] on Lie 
algebras and also in the classification of Lie bialgebras [7] . Meanwhile, the calculation of ad- invariant metric on 
Lie algebras are important in the construction of the physical models such as WZW models [8] . Here in this 
manner we calculate the automorphism group and ad-invariant metric on six dimensional solvable Lie algebras 
(with 5 [10] and 4 [11] and 3 (nilpotent) [9] dimensional nilradicals) . 



2 Mathematical preliminaries 

Let L be Lie algebra with the base {^i}; then we have 

[Xi,Xj] = fij k X k , (1) 

where are the structure constants of the Lie algebra L. An automorphism O is a linear map on L such that 
preserves the Lie algebra structure i.e.: 

0[X u X j ] = [OX i ,OX j ]. (2) 

Or, by use of OXi = X[ we have 

[X'^X'j] = fi 3 k X' kl (3) 

i.e. the automorphism O is a linear map which fixes the structure constants. By use of matrix representation 
for O ; i.e. OXi = O^Xj we have rewritten relation (3) in the following form; 

(¥ On,'/./ - flm n O n k , (4) 

where by use of adjoint representation (xi)j — ~fij k or CV )ij = ~fij k one can rewrite relation (4) in the 
following matrix form: 

OCO Xl = XiO, (5) 

or 

oy k o t = y n o n k . (6) 

In this way, by use of the above relations one can calculate the automorphism group O of a Lie algebra L. 
Furthermore, an ad-invariant symmetric metric^ on Lie algebra L can be written as follow: 

(X i ,X J )=g iJ , (7) 

such that 

ad Xj (X i ,X k ) = 0, (8) 



i.e. 



(ad Xj X u X k ) + (X t) ad Xi Xk) - 0, (9) 



(X h [X j ,X k ]) = ([X i ,X j ],X k ), (10) 
which can be rewritten in the following matrix form: 

Xi9 = -OW?)'- (11) 



1 The Cartan-Killing form Kij = fik 1 fji k is a special case of this metric 
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Note that because the automorphism map O fixes the structure constants (see (3)); from above relation (11) 
one can see that the metric g on Lie algebra L is also fixed under automorphism map, i.e: 



9ij - {Xi,Xj) - (Xi,Xj) - gij, 



(12) 



or 



9ij = Oi k Oj l gu 



(13) 



with matrix forrrH 



g = OgO t . 



(14) 



i.e. the ad-invariant metric is also invariant under automorphism group or in other word the automorphism 
groups are isometries of this metric. Now, one can calculate ad-invariant metric g on Lie algebras according to 
the relations (11) and (14). In the next section we calculate the automorphism groups and ad-invariant metric 
on six dimensional solvable real Lie algebras by use of maple program for solving relations (5), (11) and (14). 

3 Automorphism groups and ad-invariant metrics 

Classification of six dimensional solvable real Lie algebras with 3 dimensional nilradical (i.e. six dimensional 
nilpotent Lie algebras) are obtained by Morozov [3] then Lie algebras with 5 dimensional nilradical are mainly 
classified by Mubarakzyanov [TU] and were finished by Turkowski with the classification of these Lie algebras 
with 4 dimensional nilradical [TT]; (for a good bibliography see [H]). Here we use the Mubarakzyanov [TO] 
classification of six dimensional solvable real Lie algebras with nilradical 5 (see also [T3] for correction of some 
misprint of [10) V The automorphism grouped and structure constants of these 99 Lie algebras are written in 
table 1. For 40 six dimensional solvable real Lie algebras with nilradical 4 QT], these are written in table 2. 
Tables 3 contains the automorphism groups for 22 six dimensional nilpotent Lie algebras [9] (and also use [14])- 
The ad-invariant metrics of all six dimensional real solvable Lie algebras are written in table 4. 



2 This relation can also be obtain by replacing (5) into (11) directly. 

3 Note that we choose automorphism groups, (i.e. matrices that connected to the identity matrix) from the solutions of the 
relation 5 or 6. 
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TABLE 1: The automorphism groups of six dimensional solvable real Lie algebras with nilradical 5 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





0<|<5|< 



36,1 

7|<|/?I 

36,2 

<| 5 \<\ 7 |< 1 

36,3 

<\6 |< 1 



C a |< 1 



/i6 — 1' /: 



a, ff 



36 



A/. 



7,/f 



56 



4^ 



36,4 



36,5 



/i6 = /2( 



26 



1; J26 



1> /Ib 



7,/i 



5 

56 



/l6 = a , fk = 1, /f 6 = /& = 1. /3 3 6 = a 



,f 



56 



/l6 = /26 = !. /2e = a , /m = 1. /fe = a 
' /.46 = 1' Z-46 = a ' /56 = 1 



/l6 — 1 1 /26 



1 1 /I 6 — 1 i / 36 — 1 ) /: 



'36 



> fie — 1 1 fie — 1 1 /lb ~ 1 1 /1 6 — 1 





0-1 














\ 







o 2 






















03 






















04 






















a 5 





V 


a 6 


07 


08 


09 


aio 


1 / 


/ 


«2 














\ 




Ol 


02 






















03 






















04 






















a 5 





V 


a 6 


07 


o 8 


09 


aio 


1 / 


/ 


«3 














\ 




02 


03 
















Ol 


02 


03 






















04 






















a 5 





V 


a 6 


07 


o 8 


09 


aio 


1 / 


/ 


04 














\ 




03 


04 
















«2 


03 


04 













Ol 


02 


03 


04 






















a 5 





V 


a 6 


07 


o 8 


09 


aio 


1 / 


/ 


a 5 














\ 




a4 


05 
















a 3 


04 


05 













«2 


03 


04 


05 










01 


02 


03 


04 


a 5 





V 


o 6 


07 


o 8 


09 


aio 


1 / 



TABLE 1. (Continued) 


Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphism group 



36,6 



a < 



36,7 

a 2 + 13 V 

36,8 

0<|7l<l/?l<|a 

36,9 

a ± 

36,10 



36,11 

as / 



fie = 1,/le = <*, fh = 1, /fe = a, /le - /? 

' /56 = 1 > /1 6 = ^ 

/ie = a > /le = 1, fie = a > fie = !> /le = a 

) fte = ft /56 = 1> /56 = 

/ie = «. /le = ft fie = 7, /le = P, /Is = -1 

i /! 6 = 1 > /I 6 = -P 

/ie - «, /le = ft /le = 1, /le = ft /le = P 

i /46 = — 1 ' /56 = 1 ' /56 = V 

fie = a > fk = !. /le = a > /le = !> /le = a 
i fte = P' fie — ~ 1 ) fie = 1 ) /s6 = V 

fie = a i fie = Pi /26 = — 1j /36 = 1> /36 = -P 



i /lb ~~ °' /l6 ~~ s ' fie — s ' /i56 — 





/ ai 














\ 









a 3 





















0,2 


a 3 
























a 5 





















(24 


a 5 









\ a e 


a 7 


as 


ag 


aio 


1 J 






( a 3 














\ 






a 2 


a 3 


















Oi 


a 2 


03 
























a 5 





















04 


a 5 









\ ae 


a 7 


a 8 


ag 


OlO 


1 J 




/ Oi 














o \ 







a 2 
























a3 


























a 5 


















-a 5 


a4 







V a 6 


a 7 


a 8 


a 9 


aio 


1 / 


/ Ox 














o \ 







a3 





















a 2 


a 3 
























04 


a 5 


















-a 5 


a4 







\ a 6 


a 7 


a 8 


a 9 


aio 


1 7 


/ a 3 














o \ 




a 2 


03 


















ai 




a 3 
























04 


a 5 


















-a 5 


a4 







\ a 6 


a 7 


a 8 


a 9 


aio 


1 / 


/ 


ai 














o \ 







a 2 


a 3 


















-«3 


«2 
























a 5 


— 04 


















04 


a 5 







V a 6 


a 7 


a 8 


a 9 


aio 


1 





TABLE 1. (Continued) 


Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,12 

a ± 

56,13 

if a 2 + P 2 = then h = 

but if ft / then a or /3 / 
56,14 



/l6 — a ) /26 — Pi / 2 6 — 1' /36 — 1) /36 — f>> f&6 — 1 



i /46 — -Pi /46 — 1) fm ~ 1' /56 ~~ 1' /56 — P 



/2 1 3 = l,/l6 = " + A/2 2 6 = a,/ 3 3 6 



> /-46 ~~ 1) /56 — ^ 



/ 23 = 1, /ie = " + A /fe = a, f! e = /3 



56,15 



56,16 



56,17 

a 2 + e V 
, ae = 



> /46 



156 



fie 



f-23 ~ 1' /l6 — 1 + ft) / 2 6 — 1) /26 — 1 



) /36 — ft) /36 — 1) fi% — 1) /56 



/ 2 3 — 1 ) /l6 — 1 ) / 2 6 — 1 ) / 2 6 — 1 



' /1 6 — 1 ' fl 6 — 1 ' /-46 ~~ 1 



/ 2 3 = !) /l6 = ") /2 2 6 = a . /36 



) /46 ~~ e ' /56 ~~ 1 



/ ai 





V a 6 
( a 2 a4 
ai 

A3 




\ 07 

/ a 2 a4 
ai 

03 



a 6 





a 4 





«5 



— a 5 a4 

a 2 a3 
-a 3 a 2 



a 7 


a 2 




a.4 


a 2 






as 









\ 




















(24 


a 5 





—05 







ag 


aio 


1 / 












\ 














04 














a 5 














a 6 





ail 
ai 


as 


ag 


1 J 






04 









05 




\ 






0204 



3 


\ 


„ 03a 




ail 


as 


ag 


1 






/ aia 3 














\ 






aiaj 
h 


01 





a 2 








= 1 




a 3 a e 





03 





04 
















ai 
























a 3 





= h 




\ a 5 


ae 


a 7 


a 8 


ag 


1 / 




a 2 






a 2 
ai 
a 6 

a 2 a7 + a 3 

as 

a 2 a 3 
ai 

-aa3a7+aea4+ea3 — ea2fl3 
-^5— — 

ea 3 (a2-l) 

a 



a 6 



03 

a 2 




\ 



04 



1 



aj a 8 


ag 


1 


/ 
















\ 


a 2 














- 


a 3 


04 














a 3 

















a 5 





a 7 





a 8 


ag 


1 J 



TABLE 1. (Continued) 


Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,18 
56,19 



56,20 
56,21 
56,22 



56,23 

eh = 



fh = 1, /ie = 1 + / 2 2 6 = /le = 1, fie = 1 

) fte = 1 ) /I 6 = ^ 

/Is = 1, fie = 1 + «. /2 2 6 = /le = 1, /le = 1 

,/4 4 6 = l,/56 = l,/5 5 6 = l + a 

/23 = 1 ' A 6 = 1 ' /36 = 1 ' /36 = ^ ' /46 = ^ 
; fie = 1 ' /I 6 = 



/2 1 3 = l ) A 1 6 = 2a,/ 2 2 6 = a,/ 2 3 6 



; /3 3 6 = «,/4 4 6 = l ) /l6-^ 



/ 2 1 3-lJi6-2a,/| 6 = a ,/| 6 = l 

,/ 3 3 6 = «,/46 = l,/5 1 6 = l ) /56 = 2a 
/23 = !. /l6 = 2a > /fe = /2 3 6 = 1. /m = a 

> fie = l Jie = "> fie = e > fh = 2a + h 



( a x a 2 
— aid*; ai 






as 

aia 2 
— aia7 

a 



05 






ae 



ai 




a 6 



«2 03 
a 2 





07 




a 2 03 












04 






a 7 a 8 



a 2 
-07 
01 

-a 2 a 6 + a 3 

a 5 

,2 



fl8 fl9 






«ia 2 
ag 





a 2 








a 2 a 3 



a 2 




\ 








1 J 

\ 





1 J 

\ 






04 

1 / 



a 



a\aQ-\-a.a2(i6 — CLa\a7 
a. 




a 5 
ai 

aia6+QQ2Q6~QQiQ7 

aiae 
a 



04 

a 5 



a 7 


as 


a 9 


1 














ai 


a 2 











ai 














«3 














04 


a 6 


a 7 


a 8 


a 9 














ai 


a 2 











Oi 














a 3 














ai 


ae 


a 7 


a 8 


a 9 



ai 

a 



e(a|— 05) 
h 

a 6 





a 2 





a 7 





03 
a 2 




a2a7+aa;;Q7- fliQ 2 
a 2 a 



\ 





1 / 

\ 





1 J 

\ 





a 4 u U 

a 3 

a 2 

a 5 

a 8 a 9 1 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,24 



fx 



23 



I,/: 3 



26 



1' /36 — 1> fh 



46 



h,ff 



56 



56,25 



1 

ai 

/ia 3 + a 7 - a 2 a 6 
ft,a 2 - a 6 

as 
/ oia 2 



/23 — 1 1 / 16 
i /46 = 



1 + ^/16 = 1,/. 



f36 



46 



56 



a 1 a 7 

h 

a 2 a 6 



«5 





«1 




a 6 





1 







a& 





0,2 




a 7 





0.2 

1 




a 7 




a3 


a 8 



56,26 



/23 = 1, fh = 1 + h, fl 6 = 1, /| 6 = h, ff 6 = l + h 



' f 4*6 — 1j /51 



56 



56 



56,27 



« 2 +/J 2 /0 / 2 1 3 = l,/ 1 1 6 = a + ^/. 



/"26 



36 



P,f: 



,ae = 

56,28 



fib 



46 



1) fh 



56 



e ' /,56 — 



aia 2 

ai at 

h 

a 2 a e 

03 
0,4 

05 

0203 
ai 

qga4 — a 2 a3a7+Q 2 gQ5+€Q3— €Q2^3 
e(aa4+a 3 —a2a 3 ) 
ea 3 (a 2 -l) 




ai 




d6 






02 




a 7 







aia 2 


as 



/I3 — 1' /16 — 2, ,/fg — 1, ,/|g — 1 



i /36 



1,/ 



'4 
46 



46 



»6 

aide + a 2 a 6 
aia6 



aia 7 



56 



56,29 



2,/: 



I,/: 3 



26 



36 



/23 — 1> /l6 

) /46 = 2, /46 = 1; /56 = 1; /,56 = 2 



aia 6 






a 5 

a| 

a 2 a 7 + a 2 a 6 
a 2 a 6 

03 
04 
a 5 




ai 




a 6 


02 








02 



a 7 



02 

ai 



a 7 



ai 

02 




a 7 





03 

fl2 
1 



as 




0.4 
a 3 
0,9 





04 
aia 2 
ag 




03 



12 





03 

a & 










04 
ag 

\ 





1 / 

\ 





1 / 



\ 








1 J 






0,4 

a 3 

a 8 






a 5 
04 

A3 

a 9 






do 







0,4 

013 

a 9 





0,4 





a s ag 



a\ 



o\ 






1 J 

\ 





1 / 



\ 








1 ) 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,30 



36,31 



56,32 

2a + h > 7 
,eh = 

56,33 

/3 < 2a 

56,34 



56,35 

a 2 + /3 V 



f\ 3 — 1 ; fie — 1 ; fie — 1 



) fie — 1 ' /1 6 — 1 

/23 = 1) /l6 = 2, /26 = 1) /26 = 1' /36 = 1 

) fie = 1 i fie = 1 1 /1 6 = 1 ' fie = 1 

/23 = 1, fie = 2a, /| 6 = a, /| 6 - 1, /| 6 = -1 
. fie = a , fie = e > fie ^2a + h, /| 6 = 7 

/23 = 1. /i6 - 2a, /| 6 - a, /| 6 = 1, /| 6 = -1 
,/ 3 3 6 = a,/4 4 6 =/3,/56 = l,/56 = 2a 



eft = /I3 - 1 , //e - 2a, /| 6 - a, .ff 6 = 1, /| 6 = - 1, /| 6 = a 
, / 4 4 6 = 2a + h, f! 6 = 1, = e, /| 6 = 2a + h 



fh = hfle = * + P,fh = <xJh=P 



,/4 4 6 = 7,/4 5 6 = l>/ 5 4 6 = -l,/56 = 7 




















Ol 




03 











a 2 a 7 

























04 


a 5 

















CI4 





06 





a 7 


a 8 


a 9 


1 



a\ 

aia 6 + a 2 a 6 
aia 6 


a 5 

+ a\ 

ai a6 + (120*7 + afl2fl6- aai 07 
aiQT- a2Q6+QQlQ6+QQ2Q7 




aia-j a\ a 2 03 







a 6 a 7 



01 





Ol 02 03 

ai a 2 








01 

Og 



e("3- 



h 


a 5 
a? 





a 2 
-a 2 ai 







a 6 



QlQ6+Q2Q7+QQ2Q6~QQlQ7 
1+S 2 

1+S 2 



04 
a 5 

af + a| 

a2Q6-aia7-aQia6~QQ2Q7 

fllQ6+a2fl7+QQ2a6~QQlQ7 

1+a 2 
e(ha,4— as+a^+a^) 

^ 2 
e(a3— a t — a 2 ) 

h 

a 5 





Ol 





a 2 



-a 2 Ol 





a 3 

a 7 a s 









a 6 



03 






a 7 a s 









04 
a 9 






+ « 

ag 



\ 





1 J 

\ 







1 J 

\ 






1 
1 















° \ 


02 


-«i 











ai 


02 

















03 


04 














03 





a 6 


a 7 


a s 


a 9 


1 J 



a 2 a4 

















Ol 


02 














03 





04 




















a 5 


a 6 













-a 6 


05 





a 7 


a4 


aiP 
a-2 


as 


a 9 


1 



TABLE 1. (Continued) 


Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





.96,36 



56,37 



s ^0 



56,38 



56,39 



7^0 



56,40 



56,41 



fk = !. fie = /!e = /Ie = *> /Je = « 



> Z-46 — 7) /46 — 1) /56 — 1) fie — 7 



/is - 1, /ie = 2 «, /le - a, fie = 1, fl 6 = -1 
' /36 = a > fie = /46 = s, /| 6 = — s, /| 6 = /3 

/23 = 1, /l6 = /| 6 = a, /| 6 = 1, / 2 4 6 = 1, fie = -1 
, fie = ot, fl 6 = 1, fi 6 = a, /| 6 = 1, / 5 4 6 - -1, /| 6 = a V 

A 2 5 = 1, /| 5 = 1, /i 6 = 1 + ft, /| 6 = ft + 2 

,/ 3 3 6 = 7,/4 4 6 = ^/56 = l 

A 2 5 = 1, f\ 5 = 1, = 1 + ft, /| 6 = ft + 2 



i /36 — 1j /36 — h + 2, / 46 — ft, /| 6 — 1 



A 2 5 = 1, fh = 1, /ie = l + h, /f 6 = ft + 2 



> /36 — /46 — 1' /46 — /56 — 1 



















° \ 




Oi 


a-2 


«3 













Q2QT 

a 





«2 






















a4 


a 5 
















-as 


04 





V 


a 6 


«7 


o 2 a 


a 8 


09 


1 J 



at 



i 1 -r a 2 

aia7-Q2Q6+aaiQ6+aa2aT 
1+a 2 




a 5 

a\ + a\ 

aia6 + Q2 Q 7+ aa 2 a 6~ aa l a 7 
ai a7 — 0206+0^1 »6 + aa 2 a7 

1+7^ 




a 5 















\ 


01 


a-2 













ai 

















a 4 


-03 











03 


an 





a 6 


a 7 


as 


a 9 


1 J 














\ 


01 


0-2 


03 


04 





-a 2 


ai 


—04 


«3 











ai 


a-2 











-«2 


ai 





a 6 


a 7 


a 8 


a 9 


1 1 



I 


61205 


-020503 











a2o| 
















ai 







-a 2 a 8 


a 2 ag 
2 





0-2 




03 


04 








V 


as 


a 6 


a 7 


as 


/ 


a 2 a 5 


-a 2 a 5 a 8 













a 2 a 2 
















01 


a 2 a§ 




-a 2 a 8 


2 

a 2 a g 
2 





«2 




«3 


04 








V 


as 


a 6 


a 7 


ha 3 
a 5 


/ 


a 2 a 5 


-a 2 a 5 a 8 











a 2 a 2 
















a 2 







-a 2 a 8 


— T~ 


01 


fl2 




03 










V 


a3as+/ia4+a4 
as 


a 6 


a 7 


as 



\ 






a 5 
a 8 1 / 










a 5 
a 8 







a 5 
a 8 



\ 







1 J 
°\ 







1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,42 



56,43 



56,44 



7^0 



56,45 



56,46 



56,47 

e = ±1 



/ 2 5 = 1,/ig = 1, f± 6 = l + h, /f 6 = h + 2 



' fie ~ 1' fie ~ h"> fie ~ ^ /fe — 1 



/l 5 — 1 ' /45 ~ 1 ' /1 6 — 1 ' /f 6 — 1 



i /1 6 ~~ 1 ' fie ~ 1 J /I 6 — 1 ' /I 6 — 1 



/l5 — 1' fib — 1) /l6 — 2, /|g — 3 



/36 — 7j /lb — 1j /lb ~ 1) /56 — 1 



/l5 ~~ 1j /45 — 1; /l6 — /26 — 3, / 3 g — 1 



' /36 ~~ 3, / 46 — 1, / 5 g — 1, /; 



5 5 6 = 1 



/15 — 1) /is — 1) fie — 2, /| 6 — 3, /f 6 — 1 

) /46 = 1 ' /lb = 1 i fie = 1 1 /56 = 1 



fl 5 — 1 j /Is — 1 j /l6 — 1 j /26 



i /36 — 7) /Jb — £ J /Jb ~ 1 



Ol05 




—a\a% 

02a8+^3+£3 

as 



-aia 5 a 8 
aia§ 


2 

a 3 






a 5 



a 7 







Oi 



ha 2 
a 5 



1 




_ as 
a;? 

-0307 



a4 



-a 8 
a 3 

a 2 - 03^4 - a 3 a 7 a 8 

_a|_ 

2a 3 
01 

a 5 



a 3 




-a 3 a 8 

a 3 a 7 - a 2 a 8 - a 3 a 8 
04 



05 



-a 3 a 8 

a 3 a 7 - a 2 a 8 - a 3 a 8 
04 

o| 



-a 3 a 8 

a 3 a 7 - a 2 a 8 - a 3 a 8 
04 






03 



a 2 
a 6 






J_ 

13 



a 7 



-«3 a 8 

«3 


2 2 2 

20304— 2a3a7as+2a2a 8 +3a3a 8 
4 

a 5 

-a§a 8 
a| 
ai 

2 2 2 

20304— 2a3a7 as +2a2a 8 +3a3a 8 
I 

a 5 
-a^as 

4 


2 2 2 

20304— 2a3 0708+202 a 8 +3a3a 8 
I 

a 5 









a 5 
a 8 1 







03 

a 8 



ai 





a 6 




03 




a 6 




03 

02 

01 
a 6 



^ a 4 


02 











\ 





04 




















01 











02 


03 





a 4 








a 8 


a 5 








1 





V °5 


a 6 


a 7 


a 8 





1 J 



J 

\ 







1 / 










03 







03 











03 

«2 03 

a 7 a 8 





o 2 a 3 
a 7 a 8 











«2 03 

a 7 a 8 



\ 







1 J 

\ 







1 

\ 







1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





96,47 

e = 

36,48 



36,49 

e = ±1 

36,49 

e = 

36,50 

e = 1 

36,50 

e = 



/l 5 — 1 1 /45 — 1 1 /l6 — 1 1 fie — 1 



,/ 3 6 = 7,/46 = l 

/l 5 = 1 ) /45 = 1 ) /l6 = 1 ) /! 6 = 1 
> /I 6 = 1 ) /1 6 = 1 ' /ib = 1 

/l 5 = 1 ' /45 = 1 ' /l 6 = 1 ' /I 6 = 1 



^=e,/ 4 4 6 = l,/f 6 = l 



i J46 



A 5 — 1' /45 — 1' /l6 — 1 
i fie = 1 1 /J(3 = 1 ' ./"56 = 1 

/l 5 = 1 i /45 = 1 1 fl6 = 1 i / 3 6 = 1 

! fie ~ 1 1 fie ~ 1 j fie = 1 > /46 = 1 



/l 5 — 1 i /45 — 1 i /l6 — 1 ; / 3 6 



; /I 6 — 1 ' /1 6 — 1 ' /46 — 1 



V 



/ 0405 



0,2 
0.50,9 

ae 

( a4,a 5 



02 

a 5 a 9 
ae 

( a 3 



01 
as 

\ «5 



a 2 a 5 
a 4 a| 


a 3 
a$ae 

a 7 

a 2 a 5 
a^al 
01 

03 
a 5 a 6 
a 7 

ai 

03 


«2 

a 6 





«i 









a.4 




as ag 











05 




a 4 a| 







1 


04 







04 

a 9 




a 3 
1 



\ 







1 7 

\ 





1 



\ 











a 7 a s 1 / 





/ 


a 3 a 5 


aia5 











\ 









a 3 a| 














1 










a 5 













Oi 


«2 





a 3 












a 5 a 9 


a 5 a 6 


04 





a 5 





1 




a 6 


a 7 


a 8 


a 9 





1 / 



/ 


04 


ai 











\ 







04 



















03 


04 













ai 




03 


04 










a 8 


a 5 








1 





V 


a 5 


a 6 


a 7 


08 





1 / 





04 a5 


aia 5 











\ 





























04 













Ol 


02 


03 


04 










a 5 a 9 


a 5 a 6 








15 





V 


a 6 


a-i 


as 


a 9 





1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





36,50 

e = -1 

36,51 

e = 1 

36,51 

e = -1 

36,52 

e = 1 

36,52 

e = 

36,52 

e = -1 



36 



1; /45 — 1' /l6 
; /I 6 = 1 ' /I 6 = — 1 ; /46 = 1 > /lb = 1 

/l5 = 1) /45 = 1 
' /I 6 = 1 1 /46 = 1 



i,/i 5 = i 

' /I 6 = 1 1 /1 6 = ~ 1 



/l 5 — 1 1 fi5 ~~ 1 1 /: 



i /46 



'36 



1,/ 5 4 6 = 1 



/: 



1,/45 = 1 
i /I 6 = 1 ; /lb = 1 



/l5 _ 1' /I 1 



45 



I,/: 3 



36 



,/ 2 



46 



/ 04 




Ol 

as 
\ «5 

/ 04 




«2 
«5 

/ a 4 


a 2 
a 5 
\ a 7 

1 



-a 8 
a-i 

\ 0,5 

a\ 



-a 5 a 9 

02 

a 6 

1 



-Og - 

a-2 

\ 0,5 



a-i 
a 4 

-03 
02 

a 5 
a 6 

a 2 


03 

a 6 
a 8 

«2 



a3 
a 6 
a 8 






«4 
«3 

07 




Ol 




a 9 




Ol 




a 9 



1 


(24 — 05 
«3 

a 6 
~oi a 9 

a 5 



-a 5 a 6 
03 
a 7 

-a 8 
1 


-04 — 05 
a3 

a 6 





















a 4 





U 


1 

1 


a 8 


U 




















04 





a 7 


1 


A 
U 


U 




















04 





—07 


1 


u 


n 
u 














Ol 








1 


u 


04 


a 7 


a 8 














ai 








a 5 





a 4 


a 8 


a 9 














Ol 








1 





04 


a 7 


as 



\ 





1 J 

\ 





1 J 

\ 





1 / 



\ 





1 / 

\ 




a 5 
1 / 

\ 







1 
1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





96.53 



56,54 



56,55 



56,56 



56,57 



56,58 
LU = 1 



fl 5 — 1 ; fib ~ 1 ; fie ~ 1 



i 6 — 1 1 /1 6 — 1 

/ 35 = 1 ' = 1 ' /l6 = 1 ' ./"26 = ^ 
. /S6 - 1 - 7, / 4 4 6 = A - 7, /|e = 7 

/ 3 1 5 = l,/l 5 = l,/ 1 1 6 = l,/l 6 = l+ 7 

,/ 3 3 6 = l-7,/4 1 6-l,/4 4 6 = l,/56=7 

/ 3 1 5 = l,/| 5 = l,/ 1 1 6 = l,/| 6 = l- 7 
. /le = 1, /fe = 1 - 7, fte = 1 - 27, fie = 7 

f\b = 1 ' /I5 = 1 ' /l6 = 1 ' /26 = 27 

. fie = 1 - 7, /Je = 7, /le = !> /le = 7 

fh = 1' /I5 = 1' /l6 = / 2 6 = 2, / 3 6 = 1 
' /36 = /Jb = 1) fie = 1) /56 = 1 





( 


a x a 5 


a 2 a 5 











\ 








a 3 a 5 


04 as 




















aiaio 


a 2 ai 


ai 


a 2 














a^aio 


0.4010 


03 


04 


U 


A 

U 








a 5 a 8 


a 5 ag 








05 









K 


06 


a 7 


a 8 


a 9 


aio 


1 J 




aia 6 


























a 3 a 6 


















aia2 
a 3 





ai 




















»2 







a 3 










04 


a 5 












a 6 





a 7 


a 8 


o 4 (i- 

a 6 


7) 


a 5 (A- 
a 6 


7) 


_ 027 

<»3 


1 



/ 0105 


03 

a 5 
a 2 

a 4 

V «6 

/ «3 


a 2 a 6 


a 4 



\ a-i 



( a 2 a 6 

ai 


03 

V 07 

/ 





aia6 

04 
a 8 





aia| 
' 

03 
a 5 a 8 

a 7 


a 3 a 6 
01 
a 2 
a 5 

a 8 




a 2 




03(1 








a 5 

Q37 
01 05 



a6 







aia 5 

a 8 





a 3 
a 6 

05(1-27) _ £27 

a6 a6 03 





a 6 
a 5 

7) 7aia5+aia6-7 a 2fl4 
a2ae 





01 



"4(1-7) 




a 3 a 6 



"4(1-7) 



-a^as 



03^6 
2 



\ 04 



ai 

-a 3 a 8 
a 3 a 7 - a 2 a 8 - a 3 a 8 
a 5 






al 



a 6 a 7 



\ 








1 J 
\ 






1 J 






a 6 

_ ai7 

\ 









\ 






1 / 







a 3 

a 2 a 3 



1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,58 



w — /gg — 1, /| 5 — 1, fl 6 — 3, /| 6 — 2, /|g 



36,59 



36,60 



L0 = 1 



36,60 



W = 



36,61 



36,62 
W = 1 



i /36 — 2, /fg — 1, /|g — 1 

fib = 1 ' fib = 1 ' /l6 = 1 ' ./"36 = 1 
; /1 6 = 1 ' /56 = h 



fib ~ 1 J fib ~ 1 J /l6 — 1 J /26 



' fm — 1 1 /lb — 1 ; /as — 1 1 /1 6 — 1 



/ 35 — 1 ) fib ~ 1 ) A 6 — 1 ) /26 



) fm ~ 1 1 /46 — 1 1 /56 — 1 

/35 = 1) /45 = 1) A 6 = ^ j /26 = ^ A 
i A?6 = 1) /46 = 2A — 1, /| 6 = 1, /|g = 1 

At5 = 1j /I5 = 1j /l6 = 2, A?6 = 1 
' /1 6 = 1 ' /I 6 = 1 ' /| 6 = 1 ' /1 6 = 1 



a 2 a| 



— a 2 a 4 ag 


a4a7 
2 

a 5 

/ 02 


ai 






a 2 a 4 
ai 
-a 2 a 9 
a 4 a 8 - a 3 a 9 
a 6 




02 









a 2 a 4 


a 7 




1 


a 3 



07 a 4 
\ 05 a 6 a 7 







1 

ha 3 + a 8 
a 8 



a 3 

-a 8 
02 - a3a 6 
01 
a 4 

/ aia 4 


-aiag 

02 



a 3 a 7 






-a 3 a 8 
a 2 a 8 - 
a 5 







02 

03 

a 8 a 9 

\ 







1 
Ij 





\ 









a 4 
1 / 







V 



03 

a 5 



aia 4 


— (2id 4 a9 
a 4 a 8 — a 4 a7d9 
a 6 



a 3 a 8 



01 



a 7 



\ 







03 

a 2 a 3 








a 6 By fl 8 1 / 

\ 







a 4 a7 a 4 







aia 4 



a 3 a 6 



4 


-a 3 a 8 


a 2 a 8 - a 3 a 8 
a 4 





aia 3 


-aia 8 

03£7 



2A-1 

a 5 



a 8 




a g 


1 / 











\ 














a 3 














«1 








02 





a 3 





a 6 


a 7 


a 8 


1 / 























03 














-a 3 a 8 


-a 3 a7 + a 2 


03 














-a 8 





1 








- a 2 a 8 - a 3 a 8 


ai 


ai 





03 





a 4 


a 5 


a 6 


a 7 


a 8 


1 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,62 



^ = / 3 i 5 = i,/j 5 = i,/i 6 = 2,/! 6 



56,63 



56,64 



56,65 



56,66 



56,67 



) /I 6 — 1 i /I 6 — 1 ' /1 6 — 1 



/ 3 5 — 1 ; /! 5 — 1 ' /l6 — 1 ' /:26 — A 
> /1 6 = 1 1 /1 6 = 1 1 /1 6 = A 

/35 = 1 ' /I5 = 1 ' /l6 = 1 ' /I 6 = 1 
) /?6 = ^1 /36 = 1' /46 = 1> /Jb = 1 

/35 = 1' /I5 = 1' /l6 = A, /l6 = 1 

,/ 3 4 6 = l,/ 2 2 6 = A,/| 6 = A- 7 
. /le = A - 7, /!e = 7 

/I5 = 1' /I5 = 1' /16 = 2, fie = 1 



) /26 — 2, / 36 
i /46 = 1 1 /56 



l,/ 3 4 , 



56 



/35 ~ 1' /I5 — 1' /l6 — 2, /ig - 

) /26 = ^5 / 3 6 = 1) fie = 1 
7 /46 = 1) /56 = ^> /56 = 1 



a 2 a| 



—020409 


0407 — 040809 

a 5 

/ a 2 




a 5 a 8 



a 2 a 5 

01 


- Aa 4 + 704 



-a 3 a 8 




ai 


a 8 

\ «6 

/ a3 

0-6 
Oi 

04 
a 9 
\ a 7 

a 3 a 5 
a 2 a 5 

aia3 
a2 
Ol 

04 

a 7 





a4 


03 
a 5 
a 7 

ha 6 
03 
02 
a 5 

aio 
as 





a 2 a 4 

ai 
-a 2 a 9 

03 

ae 




02 



a 8 




a 3 






a 2 a4 


a4a 8 
a 7 









<Z4 


Aa5 




hae 
a 6 a 3 

ag aio 







Aa5a8+2A7a4— 7a5Q8 — A 2 a4— 7 2 Q4 
05 







o 2 


08 

\ 





1 
1 J 

\ 







1 
1 / 








04 
ag 



\ 





1 J 



aio 3 

4 
-aia 8 
-a 3 a 8 



a 3 a 6 - aia 8 - a 3 a 8 a 3 a 7 + a 3 a 8 - a 3 a 6 - o 2 a 8 
V a 4 a 5 






03 

ai 
a 6 






a 3 
02 


a 8 



ai 

03 
a 2 
a 7 








a 5 



017 
Q2 



\ 






1 / 



aia4 a 2 a4 

aia/t 

— aiag — a 2 ag a\ 

— aiflg 

a40 7 + ha 4 a 9 — hciiag ft4a 8 — a 3 a g — a 4 a' T — ha^cig h(cii — a 4 ) 

a 5 a 6 a 7 








03 
a 8 




ai 
ai 

a 3 
a 8 



\ 





1 J 






CL4 
a 9 



\ 





1 J 



.96,68 



36,69 



96,70 



56,71 



36,72 





= l,/f 5 


= l,/l 1 6 


i fie 


= 1 1 /1 6 


= 1' /36 


> /36 


= 


= c i /46 


/35 




= l,/l 1 6 


1 /l6 


= 1' /26 


= i) if 6 


) /36 


= i,/! 6 


= l,/4 4 6 



/l 5 = l,/f 5 = l,/l 6 =p,/ : 

i /26 = — 1> /26 = Pi 



Re 



26 — f i J 36 — 

Jie=P~"fJie = - 1 
. = P - 7, /le = 7 



/ 2 1 5 = l,/ 3 2 5 = l,/2 2 6 = ^ + 2,/4 3 5 = l 



,/ 3 3 6 ^ 



i /is ~~ ^' /; 5 



1,/ie 

•5 

56 



1 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





f-25 ~ 1' /35 — 1> / 



'45 



) /l6 
•4 
46 



,/ 4 



4) J26 — 3, / 36 
/r'(j 



1 ' /as — 1 ' /1 6 — 1 



/ 03 


04 











a 3 








fll 


a2 


a 3 


a 4 




ai 





a 3 


as - as 


a 5 








V a 6 


a 7 


a 8 - a 5 


a 8 



\ 









a 3 a 6 

ai 

a 3 (a6-l) 
2 

a60g — 05 



a 3 a 6 
a 2 

0406+04+201 
2 

a 5 



a 7 



a 8 






a 3 





1 





04 

03 


ag 





1 J 






a 6 

(ae-l) 
2 



\ 








0104 
-a 2 a 4 

alas 

7 

02O8 
7 



0407 



- pa 3 + 7a 3 
a 5 



a 2 a 4 
0104 

_ 0208 

7 

aias 

7 

a 3 
a 6 






ai 

-a 2 


^407+233703-70.40.7— p 2 a 3 -7 2 0.3-0.3 
0,4 



1 / 












\ 











a 2 








ai 











Cl4 





a 7 


a 8 


1 1 



/ 


aia| 














\ 




-aia 7 a| 


oia§ 
















2 

0105 a 7 

2 3 


— dia 7 a5 


aia 5 













aia 7 
6 


2 

aia 7 
— 2~~ 


— aiaj 


ai 










a 2 


a 3 


(14 





a 5 





V 


a6 


a^a 7 +ha 2 +2a 2 
05 


a 4 a 7 + ha 3 +a 3 
05 


ha 4 
05 


a 7 


1 / 



a 2 

o^a 2 

T" 

_ a 7 a2 

120204 — 6070205+6020607 — 60107 — 110207 
36 

a 3 



a 2 
-a 7 a\ 

a 7 a.2 

2 2 

20205— 20702 06+2aia 7 +3o2 a 7 
4 

CI4 















\ 
















a| 













-a 2 a 7 


a 2 










aia 7 — a 2 a 7 


01 


a 2 







a 5 


a 6 


a 7 


1 


/ 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,73 



€ — 1 f 2 b — 1 i fib — 1 1 /I5 — 1 1 /lis — 1 ' /! 6 — 1 



36,73 



36,74 



36,75 



.96,76 



36.77 



e = ±1 



i /36 — 1 ' /36 — 1 > /46 — 1 > /46 — 1 



6 ^ 1 fib — 1 1 /I5 — 1 ■> ftb — 1 ■> fl6 — 1 1 /1 6 — 1 

i /36 = — 1 1 /1 6 = 1 ' f%6 = — 1 1 /Jb = 1 



f 2 5 — 1 ' /I5 — 1 ' /I5 — 1 ' /l6 ~ 1 
i /26 = 1 ) /36 = 1 ' fte = 1 

/25 = 1 1 /I5 = 1 1 /I5 = 1 1 /l6 = 1 
1 /1 6 = 1 ' /1 6 = 1 ) /46 = 1 ' /lb = 1 

/ 2 3 4 = 1, fib = 1, fh = 1, = 2/» + l 
, /| 6 = + 1, /| 6 = h + 2, / 4 4 6 = 1, /| 6 = ft 

/I4 = 1 1 /25 = 1 1 fib = 1 1 A 6 = 1 
) /26 = 1' /36 = /46 = e i /lis = 1 





/ 


04 
















^ 








«3 




«4 




















«2 




0*3 


a.4 

















ai 




02 


A3 


0,4 
















0,7 


as 


n 
u 


1 

1 









V 


a 5 




0-6 


ft n 







1 


/ 






f 


04 
















\ 








«3 




a 4 
























0,3 


04 

















ai 




a 2 


03 


04 














a 6 + a 8 


a 7 




u 


1 
1 









{ 


«5 




a 6 


a 7 


as 


u 


1 


/ 




/ 


a4a| 


















\ 


a 3 o| 


0405 
















a 2 a 5 


a 3 a 5 


0405 


n 
u 


n 

u 







ai 


a 2 




03 


a 4 










a 5 a 7 


a 5 a 8 


a 5 a 9 





a 5 







V 






a 7 




a s 


a 9 







1 


/ 




/ a 4 
















\ 






03 


04 



















02 


03 


a 4 














ai 


a 2 


a 3 a 4 














a 6 


a 7 


a 8 


1 










\ a 5 a 6 a 7 a s 1 / 



1 a 2 a\ 














\ 


0104 


a 2 a4 


—020407 

















0304 











a\ 
2a 2 


01 


a 2 a 3 — a l a 4 a 7 
2 


0-2 








a 3 


0407 


T~ 





04 





\ as 


&2fl3+^&2&3~ ha\a&a-j 


a 6 


a 7 


ha± 


1 / 




0,1 





/ 03 














\ 




a 2 


03 


-a 3 a 7 











1 








a§ 











Ol 


a 2 


0305 - 0207 


a 3 












07 


a? 
2 





1 





1 


\ a 4 


a 5 


a 6 


a 7 





1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





.96,78 



36,79 



36,80 



36,81 



e = ±1 



36,82 



a = 2 



/I4 — 1 1 /25 — 1 ) /I5 — 1 ) /l6 — 1 
> /I 6 = 1 1 /! 6 — 1 1 fie = 1 1 /56 = ~ 1 

/I4 = 1 i /25 = 1 1 /I5 = 1 1 /l6 = ^ 

1 /26 = 2, /36 = 1) /36 = ^ 
1 /46 = 1 ' J46 = 1 ' J56 = 1 

/I4 = 1 ; J25 = 1 1 /I5 = 1 1 /l6 = ^ 
5 /I 6 = 1 ) /36 = 1 ' /I 6 = 1 

/I4 = 1 1 fib = 1 ' /I5 = 1 ' A 6 = 2 



i /26 — 1j /36 — 1j /l56 ~ e i /56 



/24 — 1) /:35 — 1' /l( 



'16 



,/| 6 = A + l,/| 6 = A 1 + l 
,/ 4 4 6 = l-A,/| 6 = l-A 1 



/ 


a 3 

















\ 




a 7 


1 


-a 6 





















j_ 

















03 












07 
2a 3 


07 

13 


ai 


j_ 

03 












a 2 


a 3 a 6 


a 3 ag 
2 





03 







V 


a 4 


a 6 a 7 


a 5 


a e 


a 7 


1 


/ 



(a 6 - a 7 )af 
a 2 a\ 

2a2a4 — 2a2a6a7+2aia^— 4aia6a7+a2a^+2aia^ 

4 

2aia4+aia 6 — 2aia6a7 
4 

03 















\ 


a? 


-flea? 














a? 











aia 6 + a 2 a 6 — aia7 


2aia4 — 2a2aQ+2aiaea7— 3aia| 

4 2 


ai 


«2 





aia 6 


aia 6 
2 





ai 





04 


a 5 


a 6 


a 7 


1 / 



( a 3 a 7 
ai 

&2 

04 
a 6 
a 8 



aia| 
















— 010408 


0104 


— aia 2 
















afa 4 










2 

aia g 
2 


-Ol0 8 


aia 6 




01 





a 4 a 6 — a 2 a 8 


a 2 


03 







a 4 






a 7 







a s 1 


/ «§ 














\ 


-a 3 a 7 


03 


-ai 

















03 











2 

a 7 
~2~ 


-a 7 


a 5 


1 








0305 — a\a 7 a\ 


«2 





03 





V a4 


a 5 


fl6 





a 7 


1 / 


















Q3QT 

a 5 

















03 


















a 5 






















a 7 


a 4 (A+l) 


o 6 (Ai+l) 


aia 5 (A- 


-1 


o 2 (Ai-l) 


15 


a 7 


a 3 a 7 






a 3 



\ 






1 J 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





.96,82 



a = 



36,83 



56,83 



a = 



36,84 



36,85 



/2 4 ~ 1 1 5 ~~ 1 J fi 6 



,/: 3 



36 



Ai,/ 4 



46 



-A,/, 8 



56 



-Ai 



/24 — 1 1 /35 — 1 ' /l( 

' /26 = § + A, /; 

' /36 = f + A, /< 



16 
26 = 1 

-f-A 



46 



fi i f5 a \ 

' J 56 — ^ J 56 — 2 A 



fh — 1' fh 



35 



1,/? 



26 



> /56 — 1 ) /36 — A, /fg 



56 



26 



/24 ^ 1 1 /3 5 — 1 1 /1 6 — 1 



) fi6 ~ 1 ' fl 



56 



/24 — 1' /35 — 1' /Ib — 1 + A 



) /l6 — 2) /36 



'16 



1,/f 



1-A,/, 



56 ~ 
5 3 6 = 1 



/ 0205 

ai 

2a 2 a8 
2A-a 

2a5Q7 

2A+a 
«3 

\ «6 





a 2 




a 7 



V «8 *f 


_ 0,20-4 

as 
02 




-2o:a4a7+4Q:Aa3+Q: 2 a3— 4Aa4a7+4a3 A 2 +4a5a7 
2a 5 (a+2A) 



a 3 a 7 














ai 


0307 

a 5 











a2 





03 








a4 








a 5 





a 6 











a 7 


a 8 


a 4 A 




aia5 A 


"2-^1 


a.5 


a 7 


a 3 a 7 


a 3 








1 / 





a 5 

-2aQ2Q4fl8- 4QAaia5+4A 2 aia5+Q 2 QiQ5+4Aa2a4a8+4a2Q5Q8 ~ 
2a 2 a 5 (2A-a) " 8 



aia 3 

ai(a3a8— Aa3aT+Aa2a8) 

A^03 

ai as 

A 
0305 

Aa2a5— a3n5+Aa3a6 
A 2 

04 





ai 




a 5 



ai 
— 0407 

aia 6 
02 
\ 05 

01 
-a 5 a 8 

«3 

a 5 a 7 - a 4 a 8 - a 5 a 8 
a 6 





2 

a 4 
01 





a 6 






01 







04 


03 



02 








0203(A+1) 





_ aia2_ 

03 

ai 



a 6 






04 
; 




a 5 



04 
a 7 







03 

0-2 

a 7 

\ 





1 J 












a 8 



\ 






1 / 



^5 

0.2 



ai(A-l) 

0.2 









a 5 
a s 



\ 






1 / 



\ 







1 J 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





.96,86 



36,87 



36,88 



36,88 



a = 



36,89 



.^24 — 1) fib — 1j /l6 — 2, /| 6 — 1 
> /I 6 = 1 i /1 6 = 1 ' fi6 = 1 ' f&6 = ~ 1 , /1 6 = 1 

/24 = 1) /35 = 1' /l6 = ^' /26 = ^' /26 = ^ 



, /36 ~~ 1 , /36 ~~ 1 , /46 ~~ 1 ) /56 — 1 ) /56 — 1 



a ^ = 1, fi 5 = 1, //e = a, /| 6 = f + Mo, / 2 3 6 = 



' /36 — ~^0, /36 — § + Mo, /Is — § - Mo 
i /le = ^0, /s6 = ~^0, /Is = f _ MO 



/24 — 1' /35 — 1) /26 — MO, / 2 6 ~ ^0 



' /46 



"Mo, /36 — -vo, he — +Mo 
, /46 = v o , fb6 



56 



-Mo 



a ^ /i 4 = 1, fi 5 = 1, /£, = a, /| 6 = f + s, /| 6 = 



, /Ib — f ) fte — f S ' /56 — — ^0, J56 — § 



/ aia 5 

020507 — Ql 05 Qq— Q 105010+01 a4 aio 
05 

-oiaio 
a 5 a 7 

a 4 a7 - a 5 a 7 + a 5 a 8 - a 3 ai 
a 6 





Oi 





a 7 





Q1Q4 

a 5 

ai 


03 
a 8 







a 5 

04 

a 9 








a 5 
aio 




\ 





1 / 









2aia2a5+2aia3ae— 2a 1 a7— a 3 a8+2a 1 a5+a 3 a5— 2aia3a8+2a 1 a6 — 2a 1 a8+2aia3as 

0105 - aia 8 + a 3 a 5 

2o 2 05+o 2 05 — 20403 as +2a 2 06— 2a 2 08+20403 05 
2al 

a 3 



2ai (2^00307 — 2/jq 02 Q8—2i/q 02 07 — 21/00308 — 00307+0:0208) 
a3(4^-4a^io+4^+a 2 ) 

_ 2ai ( — 2^0 0207— 2/Jpa3 08—21/0 0307 +2^002 08+^02 "7 +""3°8) 

03(4Mo-4«^o+4;^+q 2 ) 
2( — 2/^00305+2^00206 —2^00205 — 2 1/00306 — 003 05 +0:0205) 

2 (2jjp Q 2 05 +2/JQ 03 06-21/0 03 05 +2t/Q02 06 + a02 OS +QQ3Q6) 

0,4 



^ oi(o|+o|) 

Ol ( -MO a 3 08+^0 02 07 — ^0 03 07 — ^0 0208) 

a 2(Mo+' y o) 

Ql( — 1/0 03 08+1^0 02 O7 + M0 a 3O7+/JQ Q2 Os) 

02(^0+^0) 
1/0 03 05+1/0 02 06—^0 03 06 + ^0 02 05 

Mo+^o 

M0 a 3O5+M0 a 2O6 + l/qO3O6-l/0O2O5 
A'o+^O 



04 



2o 7 (a 2 +a 2 ) 
02(2s — a) 
2(aO3O6+aO4O8+2l/0O3O8 — 21/004O6) 
4i/g+a 2 

ai 

2(00308— 00406 — 21/00305— 21/00403) 
4i/ 2 +a 2 

a 5 





ai 

01 03 
02 




a 5 



03+04 
02 





01 (2s+o) 
2o^ 



ai 
0102 

03 




a 5 



_ Q1Q3 
02 

ai 



a 6 






ai 





a 5 



_ 0102 
03 

0,1 




a 6 



2ai 

ai 


03 
a 6 





a 3 
a 2 
a 7 



0,2 

a.3 
01 
o 2 

2aT 

a 7 





-a 2 

O3 
«8 







a2 
03 
a 7 







0,4 


03 

a 6 a 7 



02 








-«3 
2 

a 8 



-03 

a 4 
a 8 








1 

\ 






1 / 



\ 

a 3 




01 
a 8 1 / 

\ 





1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





56,89 



a = 



56,90 



56,90 

a = 

."0 7^1 
56,91 



56,92 

a ^ 

56,92 

a = 



/:24 — 1' /35 — 1' /26 — S ' f36 ~ v ® 



/24 — 1) /35 — 1' /l( 



Jl6 = "i /2 2 6 



> /26 — 1 ' /36 



2"' /36 - u o, fi e — 1 



f4 _ a f3 i-5 _ a 

>/46 — l2'./56 — "Oj/se — 2" 



/24 — 1) fh — 1> /26 — 1' /36 — ^0 
i /46 = 1) /56 = — ^0 

/24 = 1 1 /35 = 1 ) ft 6 = 1 1 /1 6 = 1 

! /46 = 1> /56 = — 1 
/24 = 1) fh = 1) /l6 = a ' /26 = f ' /26 : 



"0 



> /Is 

f 4 
7 J 46 



( f 4 _ 
J > J 56 ~ 

.^24 — 1) /35 = 1> /26 



,, f3 a f5 

"POj /36 — 21 J 46 



"^0, /56 - 
~~ "Oj /36 



Mo 

a 
2 



35 — x i ./26 — u O, J36 — _ M0 
5 — ,, fi — 



a\ + a\ 








a 7 (al+al) 


2 1 2 

a 3 +a 4 





C12S 


01 


0,4,0,6—0,30,8 
va 





04 


ai 








0306+0408 





«3 


05 


0,2 


a 6 



a? - al 

2(2aia5— 2a2a7+QQ2Q5— QQ1Q7) 
a 2 —4 

2(raa6+an3ag— 2^00306 +2rt/p as) 
a 2 +4i/ 2 

2(2a 2 a5— 2a 1 a 7 +aa 1 a 5 - aa 2 a 7 ) 
Q 2_4 

2(raa 8 -Q;a3a 6 -2i/oa3a 8 -2ri/oa 6 ) 

r = Rootof(z 2 + a\ 



a t 



a 3 a 8 — a^aj 
ai 

a 4 a 8 — a 3 a 7 
a 5 





04 


a 3 


a 7 






r 

-a 2 

i/p (ail — 0,205 ) 







02 



a 7 



ai 


a 2 

a 5 
f o§ 


03 


a 4 


a 8 






-03 



04 
a 8 



\ 





1 / 



r = Rootof(z 2 



a 



3 



al) 



( 


2 2 














\ 




a 2 a 7 - aia 5 


«i 





02 










a 3 a 6 + ra 8 





03 





r 







aia 7 - a 2 a 5 


a 2 





ai 










a 3 a 8 - ra 6 





— r 





03 





\ 


04 


05 


a 6 


a 7 


a 8 


1 / 




r = Rootof{ 


z 2 - 


ha§- 


Fa 2 . 


-a\ 


) 



See the appendix 



See the appendix 









\ 


a 2 








a 3 


— r 





ai 








r 


03 





a 6 a 7 


a 8 


1 / 


-a?) 











\ 










02 















r 







v (a 5 r+aia 2 ) 


1 / 


9 9 
a 4- a 5 





7/46 = M0,/56 - ~^0 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





#6,92 

56,92 
p = 

56,93 

a ^ 

56,93 

a = 



56,94 



fHi ^ 1 1 /l3 — 1 1 /l6 — P 



J 3 



16 



' /36 — 1> /36 — P> /46 " 

:2 P 



' fie 



'36 



Of) 



/I4 



1,/f 



13 



1./: 



l,/ 4 2 



,/: 

/24 = 1) J 35 

f2 a fA 1 f5 

i J26 — ~2> J 26 — L i J26 



36 



2 ' J 26 



) /46 
1 J 56 



1 

46 — — 1 
1 Jl6 = a 

-- 1 

/4 CK 
46—2" 

a 

56 — "2 



a f2 
36 ~ 2 ' •'46 



-fo, /I 



/24 — 1 1 fh 



> /26 
) /36 



1 

^0 



ft 



34 



5 Zl6 



'16 

7 /36 = ^) /46 = 2, /56 = 1 



1) J25 — 1> /I5 

= A + 2,/f 6 = A 



r 





ai 





paia4+ra4+aia6— prag 
1+p 2 





a2 





«3 


0307 +pa 3 05 ^0207+0205 


1+p 2 


-ai 






-03 



r 





02 



— 1 04 +rae+pr 04 +poiae 
1+p 2 

PO205 +pa 3 07+0207— a 3 o 5 
1+p 2 

a\ + a\ 


a 4 


a 5 


a 6 


a 7 





( 

aia2+Q3Q4 

r 



Q2Q3 — aia4 
r 



a 5 



ai 

02 
«3 
ft4 


a 6 





r 

r 

aia2+fl3Q4 

r 



«7 



Rootof(z 2 + a\ 

-a 3 
—04 
01 



a§) 



\ 





1 / 



aia 6 - a 3 a 8 + ra 5 

03 04 05 — ai 02 Q5+rP2 06+010407—020307—^0408 



«2 





a 3 a 6 + aia 8 + ra 7 

010405+020305+^0406 —030407—010207+^0208 

r 

af + a\ + aj + a\ 



r = Rootof(z 2 — a\- a\) 
See the appendix 



a 9 



\ 





1 J 



—a^ + 2a^VQ + 2i/gaia 2 + a 3 - ^a%v^ + 2a 3 ^r 

-1^003 05+^0 02 07 + 06' aiO8+O5^0'' + OlO7^0 

VQ 

^0 0208+1^0 0108 + ^0 0306 — O6^ r+061 0108+051/0 i~+oi 071/0 

3 

1/Q 02 05 —^0 03 07 + ^Q0l05 +'^0 07^ + 0106—^08 

va 

— 1/00105—1/0071 — 01 Q6 +08^+0206^0 +0106^0+0308^0 -a&rv^ 



04 





a 3 

^0(03 - r) 
a 2 

-vo(ai + 02) 
a 5 



r = Rootof(z 





^o(r - 03) 
r 

-i/ (ai + a 2 ) 
ai 
a 6 





«2 

f (ai + o 2 ) 
a 3 

-^0(03 - r) 
a 7 



\ 

u (a 1 +a 2 ) 



ai 

^o(a 3 - r) 
r 
a 8 






1 / 





a\a\ 


















—axa^ai 


aid4 
















2 

aia 7 — ai06 
2 


— a\a-i 


ai 













a 3 a 4 








a\ 










02 


a 3 








04 





V 


a 5 


0307 + A02+02 
04 


Aa 3 
04 


a 6 


a 7 


1 / 



TABLE 1. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





36,95 



36,96 



36,97 



36,98 



36,99 



/34 — 1 1 /25 — 1 ) /35 — 1 ) /l6 — ^ 
1 /26 = 1' fie = 1' /-46 = 2, /56 = 1 

/34 = 1) /25 = 1' /I5 = 1' /l6 = 3, /; 2 



26 



) /36 — 1' /46 — 1' /46 — 2, /56 — 1; /; 



'56 



/34 ^ 1 1 /25 ~~ 1 ' /I5 — 1 1 /l 6 — ^ 



f 2 _ q f 3 _ i) f 4 _ 1 J-4 _ o 5 
> J26 ~~ °' J 36 ~~ z > J 36 — i ' /46 — z ' J56 



= 1 



/34 — 1 ) /25 — 1 > /1 5 — 1 ' A 6 — 1 > /26 — ^ 



! /I 6 — 1 1 /1 6 — 1 ' /lb — h 



fli — 1 i /25 — 1 1 /I5 — 1 1 /I5 — 1 ' /l 6 



: /26 — 4, /|g — 3, /Jg — 2, /|g — 1 



















\ 




-o 3 a 8 


«3 
















2 

a 8 -a 7 
2 


-a 8 


1 













ai 








a| 










03 »5 - a2«8 


fl2 








03 





V 


04 


as 





a 7 


a 8 


1 / 



-a|a 7 

2 

2 5 2 

a 2 a$ — aia 2 a7 — 

2a2a4— 2aia6— a2ae— 2a2a5a7+2aia^+3a2a^ 
4 

03 

? 

a 2 a5 

~ 2~ 

2a2a4 — Q2Q5Q7 
6 

a 3 





al 

-a 2 a 7 
aia 2 

a 2 a^ — a\a-i — a 2 a 7 



a 2 

a.i{a.?.h — ay) 
h 

Oi 

a 6 

a 5 + a 3 a6 
04 



a 'l a 6~ 



-afa 6 





(Z4 













al 








— a|a7 


a| 


01 








ffl | 


a2<J5 
2 





a 2 


04 


a 5 


a 6 a 7 








\ 











02 











1 








03 


1 


a 6 




1 J 










af 








2a 1 a4+2a 1 a^ae—a 1 a G 

r~6 2 

6aia3 — 3aia 5 — 2aia4ae+aia5a 6 
24 
02 





a 2 
0207 
ft 


06 
05 



-a\a & 

a l a 6 

2 

2aia4 — aia^aa 
6 

a 3 






«2 


ai 

\ 







1 y 








ai 

a 6 









«2 

a 7 



-afa 6 
2 

04 









° \ 




















al 











a 1 





a 5 


a 6 


1 / 



\ 







1 J 



TABLE 2: The automorphism groups of six dimensional solvable real Lie algebras with nilradical 4 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





N ap 
JV 6,1 



a/3 ^ 



7 2 + <5V() 



N, 



6,2 



a 2 + /3 V 



N, 



6,3 



N a/3 
Jv 6,4 



a ^ 



AT, 



a/3 



6.5 



a/3 ^ 



iV 6,6 
a 2 + /3 V 



/l 3 3 = «,/ 1 4 4 = 7,/l 6 6 = l,/2 3 3 



' /24 — ^) /I5 — 1 



/33 = a,/4 4 = l,/6 5 = 1)/ 3 3 = /3 



> A?4 — 7) /I5 — 1) A?6 — 1 



/l 3 3 = l ) /l4 = l,/l 6 5 = l ) / 2 3 3 = a 



i /23 — 1' /I4 — a i /Is — 1' /26 — 1 



/l 3 ~~ 1 i /l4 — 1 1 /l 5 ~~ 1 ' /2 3 ~ 1 



. / 2 3 4 = -1, / 2 5 5 - /«, = /3, /«, = a 



/ 1 3 3 = a,/l 5 5 = l,/ 1 6 5 = l,/l 6 6 = l 



) /23 _ ^! StA ^ 1 



A 3 3 = a, /l4 = A 5 5 = 1, A 6 5 = 1, A 6 e = 1 



' / 23 — 1 ' At 3 — 1 ' ^24 — 1 ' /1 5 — ^ 



/ 1 






V 



/ 1 






V 

/ 1 





V 

1 







P 

0.2 

a 5 




030: 

P 
03 
05 






"37 

6 

03 


a 6 




ai 





04 


a 7 





ai \ 





as / 

«2 \ 



701 a 2 &4 





a 6 







a 7 a 8 
a 7 J 



— OMl + 0,2 dl 03 \ 

— a 2 ai + aa2 02 03 04 



a 5 











1 -a 2 



/ 1 ai 





V 

/ 1 





a 6 
a 5 







1 








a a 

p 
03 



a 5 







a-2 
ai 
-05 
a 6 







04 

a 6 





a 6 
a 5 





aci3 04 









a 7 a 8 
a 7 J 



03 \ 





a 7 




ai 








a 8 
a 7 ) 

a-2 \ 






a 7 a 8 
a 7 / 



/ 1 






V 







V 

aa3 a(a4 — 123) ai a 2 \ 
1 







03 

a 5 






«4 

a 6 
a 5 





a 7 




/3ai 



a 8 

a 7 y 



TABLE 2. (Continued) 


Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





N, 



TTJfy 



6,7 



a 2 + A 3 3 = a, f? 4 = a, /f 5 = 1, ff 5 = 1, /f 6 = 1 



N, 



6.8 



A, 



6,9 



AT,' 



6,10 



AC 



6,11 



N, 



a/3 



6,12 



, /l 3 - 7, /l 3 = 1, /| 4 = -1, / 2 4 4 - 7, / 2 6 5 = P 



/l 3 — 1 ' /l4 ^ 1 ) / 2 4 ^ 1 ) /1 5 — 1 



i /1 5 — 1 ' /1 6 — 1 



/l 3 — 1 ' /l4 — 1 ' / 2 4 ^ 1 ) / 2 4 — 1 



) / 2 5 — 1) / 2 5 — a : / 2 6 — 1 



: /l6 — 1' / 2 3 — 1) A>4 ^ 1> / 2 5 — 1 



f4 i f5 i f6 i f6 

./13 — 1 j./15 ~~ 1 i./15 — 1 i./16 



) / 2 3 — 1' / 2 4 ^ 1) / 2 5 — a : / 2 6 



/l 3 ~ 1 ' /l 3 — 1 ' /l4 ^ 1 ) ft 5 ^ 1 ) ft 5 ^ 1 

fe = 1, /Is = a, /| 3 = 1, /| 5 = a, / 2 4 6 = - 

i / 2 3 = — / 2 4 = 1j / 2 5 = — 1' / 2 5 = 



/ 1 






Vo 



Q(7 a 3+Q4) 
1+7 2 

a 3 
a 5 
-a 6 



/ 1 oi 



a (704-03) 
1+7 2 

a 4 
a 6 
a 5 





1 





a 5 






01 




07 


a 2 \ 

a 2 a 3 a 4 



a 2 \ 
/3ai 


a 8 
a 7 / 







\ 

/ 1 

1 

a 5 





\ 



01 






a 6 









a 7 



a 6 a 8 
a 6 / 







a 2 a 3 



a 6 a 7 

a 6 








/ 1 aa 4 ai 

1 a 4 

a 5 





\ 




a 2 \ 

04 

a 8 
aa 7 
oe / 

03 \ 
a 2 




«2 

U Oi 



a 6 a 7 a 8 

ciq a 7 




a 6 / 



1 

1 a 3 

a 5 









03 Oi 



a 2 



04 aai a(a 2 — ai) 



a 6 
a 5 








a 7 




/ 1 

1 







\ 



ai 

03 
a 5 


-a 7 





a 2 

04 

a 6 

05 
-a 8 
-a 7 



-03 
ai 
a 7 


a 5 





-^a 3 
-ai - 






a 8 
a 7 

+ ccai — 03 
0103 — j3a\ 

as 

a 7 

a 6 

a 5 



a 4 \ 

a 2 



TABLE 2. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





JV 6,13 

a 2 + p V 
7 2 + S V 



N, 



6,14 



a/3 



A< 



6,15 



Ar 



6,16 



AT; 



6,17 



JV 6,18 



/3 3 = a,/ 1 4 4 = 7,/ 1 6 5 = l,/i 5 6 = -l 



i /I3 ~~ ^' /I4 — <^ /I5 — 1 ' ^26 — 1 



/l 3 3 = «,/l 5 5 = 7,/l 6 5 = l./l 6 6 = -l 



i /16 ~~ 7) /I3 ~~ /I4 — 1 



/?3 = l,/l 4 4 = l,/l 6 5 = «,/l 6 5=)8 

,/l6 = -A/f6 = a,/| 3 = 7,/23 = l 
1 .^24 = — 1' .^24 = 7: /25 = ^' ^26 = ^ 



/l3 = 1, A 5 5 = «, A 6 5 = 1, /l 5 6 = -1, A 6 6 = a 



i /I3 ~~ 1) /24 — 1) /I5 — $1 /26 — ^ 



/ 1 3 3 = a,/ 1 4 3 = l,/ 1 4 4 = a,/i 6 5 = l 



5 /l 6 — 1 ' /1 5 — 1 ' ^26 — 1 



/ 1 4 3 = l,/l 3 4 = -l,/l 5 5 = ^/l 6 5 = /3 



,/: 5 



-/3,/ 1 6 6 = a,/| 3 = l,/ 2 4 4 = l 



- Hi /l6 — a i /I3 

! /25 = 7; /26 = 7 



/ 1 ai 

1 

a 6 

a 5 



y 



/ 1 





ai 


a 3 7 
,5 


—04 


a 2 ^ 







1 


aiP 


03 


02 


04 










a 5 






















a 6 






















a 7 


a 8 




V 











-a 8 


a 7 y 




/ 1 





& 





ai 


a 2 \ 







1 


a 3 


a 4 
















a 5 






















a 6 






















a 7 


as 




V 







- 03 





-a 8 

— a2Ct(5 


a 7 / 

+a 4 (« 


2 +,3 2 ) 



a 3 7 ft i - 7«3 + 
-a 5 



«i 



a 6 





/ 1 a 2 

1 a 2 a 3 

05 ag 

a 5 



V 






a s 
a 7 

a 

/3ai — acii 



a 7 
-a 8 



04 


as 
a 7 / 



02 
04 




-a 7 
as 









/ 1 





ai 


a 2 


— 04 


03 \ 















1 








a 3 


04 


















a 5 


a 6 



























a 5 






























a 7 


a 8 












V 











-a 8 


a 7 y 








1 





-a 3 




a 2 


aiQ7 — a4(a 

td 


2 +/3 2 ) 


ai 









1 






a 3 




/3 


04 












a 6 




-a 5 






















a 5 




a 6 
































a 8 




-a 7 






















a 7 




as 


) 



TABLE 2. (Continued) 



Lie Algebra 



N, 



6,19 



N, 



6,20 



a 2 + p V 



N, 



6,21 



JV 6,22 



a 2 + e V 0, e = 1 



JV 6,22 



a 2 +e 2 ^ 0,e = 



Jv 6,23 



e = 1 



Jv 6,23 



e = 



Non Vanishing 
Structure Constants 



Automorphism group 



/l3 — 1' /l3 " 1' /l4 — 1) /l4 — 1) /l5 — 1 
: /l 6 = ~ 1 > /23 = 1 ' fti = 1 ) /I5 = 1 1 /1 6 = 1 

A 4 4 = a, /f 6 = 1, /| 4 = 0, fl 5 = 1, j? 2 = 1 



/l4 — 1) /l5 — 1' /24 — a i /I5 ~~ 1' /26 ~ 1' /l2 ^ 1 



/l3 — 1) /l5 — 1) /23 — a 5 /24 — 1) /l2 _ 1 



/l 3 3 = l,/l 6 5 = l,/2 3 3 = ",/24 = l 



/l3 — 1) /l4 — 1) /l5 — 1' /23 — 1) /24 — 1) /I5 — a : /: 



'12 



/l3 — 1 1 /l4 — 1 1 ft 5 — 1 1 /23 — 1 ' /I4 — — 1 ; /1 5 — a 








-O3 


Oi + 04 




a i 


Cl2 






1 


dl + ai 


a 3 




a 2 


— a>3 


0,4 









05 




us 






(27 




-06 









as 




05 






Of; 


a 7 









U 




U 






^7 c 

U5 




-08 







/ 1 


a 
u 




u 








a 5 


/ 











/3 







a 2 \ 










n 

u 


1 

L 


a 3 


Q-4 




a 5 















u 


u 


1 


n 




















U 


A 

u 





as 




















U 


A 

u 

























A 

)l 


A 
U 










n 
u 


a 8 / 














A 
U 


ai 


02 







CLa \ 












u 


1 
1 


03 


Qtt 2 




tt 4 


^5 












u 


A 
U 


1 























A 
U 


A 
U 





a 6 




















A 

u 


A 
U 










a 7 


n 












n 

/? 


A 

u 










n 
u 


a 7 j 












' i 


n 
u 


ai 





















n 
u 


1 

_L 


aai 04 


















A 
U 





a 7 























A 
U 








a 8 




















A 
U 













1 


a 5 












A 
















1 / 

















at 







a 2 


«3 \ 












n 
u 


1 


aa\ a 4 







a 5 












A 
U 





a 6 























A 
U 








a 7 




















A 
U 













a 8 


a 9 












A 

V 
















as / 




\ 






( 1 





04 




Oi 


a2 


03 









1 




04 


a 5 


a 6 














a 8 




-07 






















a 7 




a 8 






























1 


a 5 - aa 2 






V 





















1 




/ 






/ 


1 





04 


ai 




02 


03 













1 - 


-ai 


04 




aa 2 05 


















a 7 


-a 6 


























a 6 


a 7 


































as 


a 9 





























as ) 









TABLE 2. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





^6,24 



fib — 1j fib — 1) /l6 — 1 



) f-21 ~ 1 ' fl 2 — 1 



JV 6,25 



a 2 + /3V A 4 4 = a, /fs = 1, /f 6 = -1, / 2 4 3 



6,26 



^1,27 

e = 1 

^1,27 

e = 



28 



' /1 5 — 1 ' /26 ~~ 1 ' /l 2 — 1 



/i 5 B = a,/f 5 = l./i 5 6 = -l 



) /l6 ~~ a i /24 — 1) /l2 



fid, ~ 1j /15 ~~ 1' /: 



'16 



7 /I 5 — 1 ' /Is — 1 ' /l 2 ^ 1 



/l3 — 1' /l5 — 1' /l6 — 1 



' /1 5 — 1 1 /1 6 — 1 



/l6 — 1 ' /56 — 1 ' /l3 — 1 ' fib 



= -1 



> /l6 — 1) /24 — 1) /25 — 2, /; 



/ 1 01 

1 a 4 







\ 

/ 1 ■ 

1 







\ 

/ 1 





0,2 

1 













\ 

/ 1 

1 








\ 



/ 1 

1 











a 5 


a 6 





ai 

a-z 

1 



01 
1 04 05 





a 6 





ai a 2 
a 3 a 4 



A3 

1 








\ 

/ 1 ai 02 

1 a 4 

a6 a 7 

a 6 



ai 

0304 + a 2 a\ 
a 5 a% 
a 3 a 5 a 6 
0503 
2 



/26 



\ — a 2 a 3 a@ — 0405 



a 2 






a 7 



-a 5 
04 


a 7 
a 6 

a 2 




a 7 
-a 8 

-a e 
a 5 



a 7 
-a s 

-05 

«3 




a 8 
-09 

a2«3 
04 


a 5 a 6 
a 3 a 5 
a 2 a 6 



«3 \ 



a 8 
a 7 j 

04 
a 5 




-a 6 
a 7 

03 \ 






a 8 
a 7 / 

05 \ 
a 6 




a$ 
a 7 ) 

«3 \ 

05 




09 
as J 

a 2 
-2a 2 



a 5 




a 3 \ 






a 6 



TABLE 2. (Continued) 


Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





Jv 6,29 

a 2 + p V 



Jv 6,30 



#6,31 



N; 



6,32 



#6. 



33 



N; 



6,34 



/& = l,/l 3 3 = l./?4 = l,/l 6 6 = « 



7 /23 _ 1 ! /25 _ 1 ! /26 _ ^ 



/I5 — 1) /l3 — 2, /14 — 1) /l5 — 1 



) /l6 — a > /I4 — 1) /26 — 1 



J45 — 1 1 /l4 ^ 1 1 /l 5 — 1 ' /I3 — 1 



i A 5 ~~ 1> /26 — 1) /26 — 1 



J45 — 1 1 /l4 — 1 1 /l 5 — 1 ' /l 6 ~ 1 ' /23 ~~ 1 



,/ 2 4 4 = a,/2 5 5 = l-a,/ 2 6 6 = l 



/45 — 1 1 /l 3 — 1 1 /l4 — 1 : /1 3 ~~ 1 



: /1 5 — 1 ' /I 5 — 1 ' /1 6 — 1 



/I5 — 1' /l3 — 1' /l4 — 1) /l5 — 1 



, /| 3 = 1 + a, fa = a, /| 5 = 1, /f 6 = 1 





f 1 


a 2 + a 1 a 3 


Oi 





aa4 \ 











1 









03 


04 












a 5 a e 























a 3 a 5 




a 5 


















—aide 







a 6 









v 
















a 7 , 






/ 


1 





Oi 




a 3 


02 


aci4 \ 











1 


2 
£a 
2 







a 3 


a 4 
















4 
























a 2 a 5 - a 3 a 6 


a 5 


a 6 
















n 
u 


-a 3 a 5 







a 5 











V 
















a 7 


/ 






( 1 





-a\a 2 


01 


a 2 


^ 









1 


a 3 







a 2 


a 4 












a 5 a 6 























-a 2 a 5 


a 5 




















-aia 6 





a 6 









I 





a 7 










a 5 a 6 J 




1 


on 


a 2 




03 














1 


04 


aa 2 


a 3 (l- 


-a) 


ai + a 2 a 3 








a 5 a 6 




















- 


-a 3 a 5 


a 5 

















- 


-a 2 a e 







«(> 















a 7 












a 5 a 6 




/ 1 





a 2 + aia 3 


01 





\ 









1 


a 2 







03 


04 












a 5 a 6 























a 3 a 5 




a 5 


















-aia 6 





a 6 


a 7 






V 
















ae / 




/ 1 







ai 






a 2 


a 3 


\ 





1 


ai + otai — 


a 2 a3 


aa 2 


a 3 a 4 










a 5 a 6 




















0305 






a 5 













-a 2 a 6 









a 6 a 7 


V 




















a 6 / 



TABLE 2. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





n; 



771 



6,35 



o? + /?V o f! 5 = i, A 5 4 = 1, /f 5 = -i, ff 6 = a, f? 



23 



N, 



6,36 



6,37 



^6,38 



^6,39 



N, 



6,40 



> /I4 — 1 : /Is — 1 > /: 



/26 



/Is — 1 1 /14 — 1 1 /1 5 — 1 ) /: 



'23 



> /24 — 1) /Is — 1> /26 ~ 1' /: 



/26 



/45 — 1) /l4 — 1) /l5 — 1' /l6 " 

1 /I3 = 2, /24 = 1) /I4 = a 
1 /25 = — a > f"25 = 1j /26 = ^ 



/I5 — 1 ! /l3 — 1 ) /l4 — 1 



1 /I3 ~~ 1 ' /I5 ~~ 1 ' /l2 — 1 



fih — 1 1 /l4 — 1 1 /l 5 — 1 ' /23 



1 /I4 — 1 : /I5 — 1 ' /l2 ^ 1 



fib — 1' /l4 — 1) /l5 — 1 



= 2 



: /26 ~~ 1 ' /l2 — 1 



/ 1 

1 







V 





/ 1 





a 2 + a 3 

2 


-a 3 


a 2 


aa4 \ 

/3 









1 


Ol 


0-2 


03 


a 4 












a i + a i 





















a 3 a 6 + a 2 a 5 


a 6 


-a 5 















a 3 a 5 - a 2 a 6 


a 5 


a 6 









V 














a 7 J 




/ 


1 




2 1 2 

a 2 +a 3 
2 


-a 3 


a 2 





\ 


1 




ai 


o 2 


03 


ft4 







a\ + a% 
















a 3 a e + a 2 a 5 


a 6 


— a 5 










0305 - 0206 


a 5 


a 6 





V 




a 7 








a 2 + a 2 


/ 



2 cm 103 +04 — a 3 — a 1 



aaiag 
aaia5 



2 

02 

2 4- n 2 
5 + a 6 

a 3 a 6 - aia 5 
a 3 a 5 + a x a & 
a 7 



01 

03 


a 5 
-a 6 





aa 3 



/ 1 

1 







V 







aia 4 + a 3 

03 
a 6 a 7 
04 ae 
—ciia-i 




01 


a 6 





a 3 — aoi 
a 2 ai — ai 

a 6 
a 5 


02 \ 



a 4 



a 7 




05 





1 J 



( 1 





2 , 2 

a 3 +a 4 
2 


— a4 


03 


Ol \ 





1 


«2 


03 


a 4 


05 








a\ + a 2 

















a A a 7 + a 3 a e 


a 7 


-06 











04126 — 0307 


a e 


a 7 





V 














1 / 


/ 1 





Ol 


a 2 


a 3 


\ 





1 


04 








a 5 








1 

















a 3 a 6 - a 2 r 


r 


-ae 











-a 3 r - a 2 a 6 


a 6 


r 





V 














a 7 ) 



r = Rootof(z 2 + a 2 - 1) 





04 






TABLE 3: The automorphism groups of six dimensional nilpotent real Lie algebras 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





*6,2 



*6,3 



*6.4 



Act 



a ^ 



fl2 — 1) /l3 — 1> /l5 — 1 



f 3 



12 



I,/ 4 



1.3 



1 f 6 



15 



/: 6 



12 



1,/: 



l,/ : 5 



23 



fi i — 1 ' /i 3 — 1 > /: 



f6 
/24 



/ 5 



13 



l,/?4 



1 f 6 



23 



24 



/ ai 

a 7 
ai 3 





02 

a 8 






ai 

«»2 

aai2 
an 









V 





/ 


ai 

aian 


a±a±4 

ai5 
a 1 a 10 




ais 




ais 




















V 








«2 


a 3 


04 


ai 


a4 


aa 3 


an 


ai4 


aai 3 


ai2 


ai3 


ai4 





















/ ai 





V o 

/ ai 





V o 

03 

a 9 

ais 




a 6 

aio 
a i4 







CL2 

a 7 





a 2 
a 7 







«3 

a 8 
aia7 


ai2 


a3 
a 8 
aia 7 







04 
aio 
ai6 



a4 

a 9 
aia 8 
a\a 7 

ai3 
aiai2 
04 
a 9 
aia 8 
afa 7 







a 5 

aio 



ai4 

a 5 

«io 
aia 9 
afag 
afar 

a 5 
an 
a i7 



aiai 5 
a 7 ai 5 
aia 9 

03 
a 7 
an 
ai5 







03013 
a 9 ai 3 
a 3 a 7 



a 2 ai 5 
a 8 ai 5 
a 2 a 9 



04 
a 8 
ai 2 
ai6 

Oj (anai4— ai 015) 
2 

a 15 







a6 \ 
an 
aiaio 


015 
aiai4 / 
06 \ 

an 
aiaio 

afag 

afa 8 

afa 7 / 

a 6 
012 
ai 8 

aiai4 - a 2 ai 3 
a 7 ai4 — a 8 ai3 
aia 8 — a 2 a 7 
a 5 
a 9 
ai3 
ai7 

ai (a2 an +06015-03010 
ai5 

_ 01(011014-010015) 



a 3 ai4 
a 9 ai4 
a 3 a 8 



07014) 



aa 2 a i3 
a 2 ai4 



a 5 
a 7 
a 9 
ais 

aiai4 — a^ciii 
aiai3 - a4ai 2 



015 

a 6 

a 8 
aio 
ai6 

aa 3 ai 2 a(a 2 a M + aia i3 - a 4 a i2 - a 3 an) 
a3an aa 2 ai3 + aiai4 — 04011 — aa^a^ ) 



TABLE 3. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





i-6,6 



A e , 8 



i-6,9 



Aa 

^6,10 



a ^ 



1-6,11 



12 



1,/: 



I,/: 5 



14 



I,/: 5 



23 



/13 — 1' /i4 — 1) /: 



f6 
/23 



/l 2 — 1 ; /l 2 — 1 1 ft 3 — 1 1 /I5 — 1 



/l 2 — 1 1 /l 3 — 1 ' /l 5 — 1 1 /I3 — 1 



/l2 — 1) /l3 — 1) /l4 — 1 



) /I3 — a ' /I4 — 1 



/l 2 — 1 1 ft 3 — 1 > /l 4 — 1 1 /I3 — 1 



/ «1 






V 



a 2 
a? 



a 3 




/ ai 





V 

/ ai 





V 



aio 




/ cti 





V 


a 6 





a 2 
a 7 







on 






2 

o 6 
09 






0,4 

07 

ai2 
aion 






010 






a 5 
a 8 
ai3 

a 2 an + aiai2 - a 3 ai 



03 




011 
aioio 





a\ci7 — 

012 
aian 



afa 3 



o 6 
09 

O14 

aiaio 


o? 



o 2 
07 
aia 6 




03 
a 8 
0107 









a 3 
a 8 

aift7 — an 

an 




OiOio 



04 
09 



aia 6 




a 5 
a 8 

013 

a 2 ai 


o 6 ai / 
05 
aio 

— 0406 - 


012 
OlOg 



Ol2 



04 

ag 

Ol0 8 

afar 

012 





05 
aio 



a 7 




a 2 o 8 



a 6 
an 

h aiaio - o 3 a 7 
aia 2 a 7 
ai3 



( 


a 6 


Oi 


o 2 


a 3 


04 


a 5 


\ 




aai 


a 6 


07 


a 8 


09 


aio 












2 2 
Og — aaj 





aia 8 + agay — a^ag — aaia 2 


a60 8 + aaia-i — aa 2 a6 


— aaia3 













2 2 
ag — aaf 


on 


012 


















a 6 (a^ - aaj) 


aai(ag — aaf) 




V 














ai(ag — aaf) 


a 6 (al - aa\) 





ai 


a 2 


03 


04 


a 5 


a 6 





a 7 


o 8 


ag 


aio 


an 








aia 7 


aia 8 


OlOg 


a 2 a 8 - a 3 a 7 











a\a 7 


afa 8 


aia 2 a 7 














a\ aj 




















OiOy 



TABLE 3. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





16,12 



16,13 



Aa 

^6,14 



a ^ 



i6,15 



16,16 



16,17 



fl3 ~ 1' /l4 — 1) /25 — 1 



/: 5 



12 



1,/: 



I,/ 6 



14 



25 



l,/l 6 4 



1,/ 2 5 3 = 1./: 



25 — 



/l 2 — 1 ! /l2 — 1 ' /l 3 — 1 



) /14 — 1 > /: 



/l3 — 1 1 /l4 — 1 ! /l5 — 1 



7 /I 3 



24 



/l 2 — 1 1 /l3 — 1 ! /l4 — 1 1 /I5 — 1 



/ Ol 






V 



a-2 
a 7 





012 




03 





07013— 08^12 
^ 



a 4 

0507—0208 
01 

aio 

07013 — 08012 
01 

Q5Q12— 02013 

ai 





/ 


2 
a 6 

aio 


di 


0,2 


a 3 


04 







a 6 


01010 
06 


a 7 


a 8 










aio 


an 
















ai 
















-aia 6 


aio 


V 


















a 5 a 6 
a 8 a 9 
an 

oiaio 
ai3 ai4 
a 7 ai 3 - a 8 ai2 / 

«5 \ 

a 9 

ai2 



ana 6 
2 010 

Q 6 07 + 0108 010 — 0406010 

ai 4 o 
Q6 
aio 



a 5 
— aai 





/ ai 





V 



ai 
a 5 





a 2 
a? 









a 8 






«2 

0(0102+0106 — 0305) 
05 

a 9 
a 5 a 8 
— aaia 8 




«3 

a 6 

«io 
aia 8 
a 5 a 8 




a 4 
a 7 
an 

0509 + aaiaio 
a(a 5 ai - aia 9 ) 
a|a 8 + aa\ a 8 / 



a 4 
a 8 



03 
a 7 

af aia 7 + a 2 a 2 
af 



«5 

a 9 





«6 \ 

aio 

aia 8 + a 2 a 9 - a\ a 5 - an 
a 2 a 7 + afa 2 



/ ai 





V 



D 




-a 2 a 2 


a? 




an 


D 














a i 


/ 


ai 





a 2 


«3 




05 \ 







a? 





aia 2 


aia 3 


a 6 










a 7 


a 8 


a 9 


aio 













aia 7 


aia 8 


aia 9 
















a 2 a 7 


a 2 a 8 


V 

















a?a 7 / 


! 


a 3 




04 


a 5 




a 6 




a 8 




a 9 


aio 




an 




aia 7 




aia 8 





aia 9 + a 2 aio 









a 2 a 7 







a 2 a 8 









-a 2 a 2 


a? 




ai 2 

















af a 7 



a 5 a 7 



TABLE 3. (Continued) 



Lie Algebra 


Non Vanishing 


Automorphism group 




Structure Constants 





^6,18 



a^O /3 2 = 1,/4 3 = 1)/ 6 4 = 1 



A 



6,19 



16,20 



16,21 



A, 



6,22 



i /I 3 — 1 1 /: 



25 



a 6 ai 











/l 2 — 1 > /l3 — 1 ) /l4 — 1 



> /l 5 — 1 > /1 3 — 1 



/l2 — 1 ' /l 3 — 1 ' /l4 — 1 



) fl5 ~ 1) /I3 — 1> /I4 ^ 1 



/l 2 ^ 1 1 /l5 — 1 ! /Is ^ 1 



j /I4 — 1 7 /34 — 1 



/l2 — 1 ! /l3 — 1 1 /l5 — 1 



1 /I3 — 1> /I4 — 1) fii — 1 



fl2 

a 7 
+ a 






03 
a 8 

0607 + aaia 2 
a 6 (a| + aaf) 
— aai(ag + aaf) 












( 


01 


02 


03 







a\ 


a 7 










a\ 
























V 











/ 


Oi 












af 


a 6 










a? 
























V 












/ ai 





V 

/ 






V 





a 5 







«2 

a 6 
aio 5 






04 
a 8 
0107 
af 



a 3 
a 7 
aia 6 
af 



a 2 

_ 2aT 

a 7 
-a 2 a 5 






04 
a 9 

aia 7 — a 2 a6 
ai(a§ + aaf) 
a 6 (aj? + oaf) 


as 
a 9 
Oia 8 



«4 



01 

04 05 




2aj_ 

a 6 



05 
aio 

00103 + 00109 + a@a 8 — 
a 7 (a| + oaf) 
aaf) 
f aaf) 2 

\ 



00406 



-aa 2 (a§ 
(a 2 6 



a 2 a 7 



as 
aio 
aio 9 



of a 7 

a i 




af o 2 + af o 8 
af 07 
of 



afo 3 



04 



oia 7 — af a 2 
ofa 6 

n 5 





a 3 

a 8 

2 

a 2 a5 
2al 

-a 2 a\ 
aial 




o 5 
o 9 

aio 8 - af a 3 
af 07 — afa 2 
afo 6 

,6 



a 



o| 






— 0104 
a\ 





«2 

07 

a\+2a\an, 
2a4 

-aia| 
o5 



04 

ag 

2a[ 

-oia 5 o 7 - o 2 a 5 a 6 

Oi06a| 

ofai 



a 3 
a 8 

a\a$+2a\aQa? A +2a\a7 

a|a 6 



-010405 
a|a 5 



TABLE 4: ad-invariant metric on all six dimensional solvable real Lie algebras 
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TABLE 4. (Continued) 
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Non Vanishing 
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A Appendix 

We give the automorphisms group for #6,92 (a ^ 0) , #6,92(0; 



= 0) ,and #6,93(0 ^ 0) Lie Algebras. 
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